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Abstract. Extending the earlier results for analytic curve segments, 
in this article we describe the asymptotic behaviour of evolution of a 
finite segment of a C"-smooth curve under the geodesic flow on the unit 
tangent bundle of a finite volume hyperbolic n-manifold. In particular, 
we show that if the curve satisfies certain natural geometric conditions, 
the pushforward of the parameter measure on the curve under the ge- 
odesic flow converges to the normalized canonical Riemannian measure 
on the tangent bundle in the limit. We also study the limits of geodesic 
evolution of shrinking segments. 

We use Ratner's classification of ergodic invariant measures for unipo- 
tent flows on homogeneous spaces of SO(n, 1), and an observation re- 
lating local growth properties of smooth curves and dynamics of linear 
SL(2, Reactions. 



1. Introduction 

Let M be a hyperbolic n-dimensional manifold of finite volume, p : 
T 1 (M) — > M be the unit tangent bundle over M, and {gt}teR denote the 
geodesic flow on T 1 (M). Let tt : HP — > M be a locally isometric universal 
cover of M and Dir : T 1 (H n ) -> T l {M) the corresponding covering map. If 

{gt} denotes the geodesic flow on T 1 (H n ), then p(gt(v)) t ~ > °°> Vis(u) for all 
v G T 1 (EI n ), where Vis : T^HP) -> dU n 2* S™- 1 denotes the visual map. 
We define 

y = {dW m C § n_1 : M m ^ M n is an isometric embedding such that 
(1) 1 

7r(H m ) is closed in M, where 2 < k < n - 1}. 

Then 5? is a countable collection of proper closed subspheres of § n_1 ([TO] , [HI 
§(5-2)]). 

Let 7 be a compact interval with nonempty interior. Let ip : I — > T X (M) 
be an continuous map with the following property: If ip : I — > T 1 (H n ) is any 
continuous lift of under Dtt, then 

a) Viso^ G CCI.S"- 1 ), 

b) the first derivative (Vis o^)^) (s) ^ for Lebesgue a.e. s G I, and 
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c) for any S € y, Vis(^»(s)) S for Lebesgue a.e. s £ I. 



Theorem 1.1. Let the notation be as above. Then for any f G C C (T 1 (M)) 



where \I\ denotes the Lebesgue measure of I and \i denotes the normalized 
measure associated to the canonical Riemannian volume form on T 1 (M). 

For the motivation for considering the question the reader is referred 
to [12], where the result was proved in the special case of analytic curve 
segments ip. The proof in [12] involves the use of '(C, a)-growth properties', 
in the sense of Kleinbock and Margulis [5], of finite-dimensional spaces of 
analytic functions. As these could not be extended to smooth functions, the 
analogous result could not be proved by the techniques in [12] for smooth 
curve segments, though the conclusion could be expected to hold in that 
generality, as was especially commented to the author by Peter Sarnak in 
response to the result in [12] . 

In this article we overcome this difficulty by making a new observation of 
a linear dynamical nature. It implies that if we approximate an arbitrarily 
short piece of a C"-curve by a polynomial curve degree at most re, then 
the geodesic flow expands both the approximating curves into long curves 
of roughly fixed lengths while still keeping them sufficiently close. This 
observation allows us to use the growth properties of polynomial curves of 
bounded degrees for linearization method [U [HI [2j [6] . 

On the space C n (L,T 1 (M)), we consider the topology of uniform conver- 
gence up to re-derivatives. We now state a more robust form of Theorem ll.il 

Theorem 1.2. Let the map ip be as above. Then given f € C C (T 1 (M)) and 
e > there exists a neighbourhood Q of tp in C n (L, T 1 (M)) and T > such 
that 



It may be noted that even for an analytic map ip, the above uniform ver- 
sion could not be proved using the methods of [12], because we do not have 
the (C, a)-growth property for linear span a neighbourhood of an analytic 
function. 

1.1. Evolution of general C n -curves. Let 5? denote the collection of all 
closed totally geodesic immersed submanifolds of M (including M itself). 
Given Ml G y, let .5* (Ml) C ^L^S™" 1 } be the collection of the boundaries 
of all possible lifts of Mi in M n . Let fiMx denote the probability measure 
which is the normalized measure corresponding to the canonical Riemannian 
volume form on T l (M{) C T 1 (M). Given any S G ,5^ or S = § n_1 , define 




(3) 




(4) 



S* = S\ 




SiCS, dimSi<dimS 
Si&y 
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Let i/> E C n (I, T 1 (M)). Let $ G C n (I,M n ) denote a lift of ^ under Dir. 
We define 



(5) 
(6) 

In particular, 



7(5) = {s G 7 : Vis(V-O)) G 5*}, 
7(M X ) = U S€nMl) I(S). 



J(M) = J(S' 



n-l\ 



{s G 7 : Vis(^(s)) $ S, S £ y}. 



Theorem 1.3. Suppose that (Vis o^)^ 1 ^^) ^ /or almost all s G 7. TTien 
awen any / G C c (r 1 (M)) ; 



(7) 



t— >oo 



lim / f(a t ip(s))ds 



7 V» -'T 1 



(M) 



The above statement is obtained as a consequence of results about limiting 
distributions of the evolution of shrinking curves under the geodesic flow (see 

1.2. Flows on homogeneous spaces. The above results will be derived 
from their analogues in terms of dynamics of flows on homogeneous space 
of Lie groups. 

Let G = SO(n, 1) = SO(Q n ), where Q n is a quadratic form in (n + 1) real 
variables, defined as 

(8) Qn(y,xi, . . .,x„-i,z) = 2yz- (xj-\ h xf 

Let r a lattice in G. For i G M and a; = (x±, . . . , G 



+ X n-U- 

i n , we define 



(9) at 



G G and u(as) 



1 X\ 

1 



a: n _i ||a3|] 2 /2' 

XI 



1 Xn_i 
1 



G G. 



Theorem 1.4. 7e£ I be a compact interval with nonempty interior and 
cp : 7 — > IR 71 ^ 1 6e a C n -map such that </?W(s) 7^ /or a// s G 7, and /or any 
sphere or a proper affine subspace S in W 1-1 , 

(10) |{s G 7 : p(s) G 5}| = 0. 

7e£ fc ^°°> ip be a convergent sequence in C n (I,M. n ~ l ), x k 
vergent sequence in G/T and t k — > 00 m M. T/ien /or any / G C c (G/r) 

1 



a con- 



(11) 



lim — / f(a tk u{ip k {s))x k )ds 
\l\ 



fdfiG, 



G/T 



where \iq is the unique G-invariant probability measure on G/T . 

In fact, we shall obtain the following more general version. Let P = {g G 

G : {citga^ 1 : t > 0} is compact}. Then P~ is a proper parabolic subgroup 
of G and P~\G naturally identifies with SO(n - l)\SO(n) ^ S™" 1 . Let 
J : G -> P"\G = S™" 1 be the corresponding map. We note that under this 
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identification G acts on S n_1 by conformal transformations. For m > 2 and 
g G G, I(SO(m, 1)^) is a subsphere of S n_1 of dimension m — 1. We note 
that X(iV G (SO(m, 1))) = J(SO(m, 1)). Let 
(12) 

y = {T(SO(m, l)g) : 7V G (SO(m, l))#r is closed, 2 < m < n - 1, g £ G}; 

Then J? is a countable collection of proper subspheresofS"" 1 (p3J §(5.2)], 
Cor.A]). 

Theorem 1.5. Let ip G C(J, G) 6e snc/i that 1 o ^ G C^S" -1 ) and /or 
any S* G 

(13) (Ioi|i)W(s) /fl and lo^(s) ^5 /or Lebesgue a.e. s G / . 
T/ien owen a sequence {V'fcjfcGN C C(I,G) such that 

(14) lo^^Io^ inC^r 1 ), 
and sequences tk — > 00 in R and x& — > xo = er m G/T, 

(15) lim [ fM k (s)xk)ds= [ fdfi G , V/GC c (G/r). 

fc->oo \1 I J G/ / r 

From this statement we will derive the following uniform version. Let 
th : G — > G denote the left translation by h G G. 

Theorem 1.6. Let tp : I — > G 6e a C n -map such that if h G G and S is a 

proper subsphere o/8 n_1 iaen /or Lebesgue a.e. s G /, 

(16) (lofj.o^Wfsj/O and (X o £ h a tp)(s) £ S. 

Then given f G C C (G/T), a compact set fC C G/T and e > ; i/iere exists a 
neighbourhood Q of ip in C n (L,G) and a compact set C in G such that 
(17) 

^ f(9^i( s ) x ) ds — J f dfj,G < e, VV>i G fi, x G /C, and 5 G G \ C. 

Acknowledgment. The author would like to thank Elon Lindenstrauss for discus- 
sions which led to some of the ideas used in Proposition 12.11 Thanks are due to 
S.G. Dani for useful remarks on an earlier version of this article. 

2. Linear dynamics and growth properties of functions 

Let V = A d 0, and consider the ®f^[ s A d Ad representation of G 

on V. We fix an inner product (•,•) on V and let ||-|| denote the associated 
norm. 

For [i G R, we define 

(18) Vp = {v G V : a t v = e^v, t G R}. 

If {xi, . . . ,«dima} is a basis of g consisting of eigen-vectors of {a t }, then 
there is a basis of consisting of elements of the form x^ A • • • A x i d . The 
eigenvalues of at on g other than 1 are: e with multiplicity n — 1, and e _t 
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with multiplicity n — 1. Therefore for t > the smallest eigenvalue of at on 
V is e^™ -1 )* and the largest one is e^™ -1 )'. Therefore 

(is) v = ®;:i (n _ 1} ^. 

Let q^ : V — > be the projection associated to this decomposition. 

Notation 2.1. Let </?fc — > 93 be a convergent sequence in C n (/,]R n ~ 1 ) such 
that 

(20) po := infll^ 1 ) (a)|| > 0. 

sei 

Let M = Z G (A) n SO(n). Then M = 0(n — 1) and Z G (A) = AM. We 
define the action of any z £ Z G (A) on M n_1 by the relation, u(z ■ v) := 
zu{v)z~ 1 for all i> € M™ -1 . Then M acts on W l ~ l via its identification with 
0(n — 1), and at ■ v = e t v. 

Proposition 2.1 (Basic Lemma). Given C > 0, i/iere exists Rq > sttc/i 
i/iai /or any sequence tk — > 00 in M £/iere exists ko G N snc/i i/ia£ /or any 
x € / = [a, 0] and t; € V, i/iere exists an interval [sk,s' k ] C / containing x 
such that for any k > ko, the following conditions are satisfied: 

(21) e * fc (4_ Sfcr< c, 

(22) ||a tfc w(^ fe (s fc ))w|| > ||v||/i2o, ifs k >a, 

(23) ||a 4fc n(( / 9 fc (4))« II > IMI/#o, «/4 < & - 

Proof. If for every i?o > the above conditions are not satisfied, then after 
passing to a subsequence, there exist sequences t k — * 00 and Rk — > 00 in M, 
Vfe — > wo i n V" with ||i>o|| = L and [rfc,ry C I such that r^ — > ro, — > ro 
and the following holds: 

(24) sup ||a 4fc u(v3fc(s))^|| < -Rfc 1 

(25) e* fe ^ > C, where «5 fe = r^ - r k . 
For any A: E N, let tffc = (fk( r k) v k an d 

Pfc,r fe (s) := ¥>fc(rfe + s) - <fk(r k ), Vs e [a - r fc ,6- r fc ]. 

Then 

(26) sup lla^n^fc^s))^!! < R^ 1 . 
se[o,s k ] 

Therefore, for any < \i < n — 1, 

(27) sup |Mu(¥>jfc, ri (a))u; fc )|| ^R^e'^K 
se[o,S k ] 



Then by ([25]) we get 

(28) sup Wq^u^r^w^W^R^C- 1 ^- 

se[Q,S k ] 



6 NIMISH A. SHAH 

Putting \i = 1 in (f28l) . for any v £ V\ with \\v\\ = 1, 

(29) sup \(u(ip k:Tk (s)w k ), v)\ < R^C-Hl. 
se[o,s k ] 

We define 

^o,r (s) = <p( r o + s) - ip(s), Vs € [a - r ,b- r ]. 

As A; — > oo, we have R^ 1 — > 0, — ► u)o = ^( < /'(^o))f ; 0) and 5& — * 0. 
Therefore by (|29|) . 

(30) ^ t (u(v9 ,ro(0))wo) = <7m( w o) = °> V0<^<n-1. 

To derive estimate on higher derivatives from (I29p we will use the following 
elementary observation: If ip G C m ([0, 5], R), then there exists £ G (0, 5) such 
that 

(31) < 2 m 3 m(m - 1)/2 5- m sup|V(s)|. 

seJ 

To prove this by induction on m, we assume that there exists £i G (0, 5/3), 
and £2 G (25/3,5) such that 

|V> (m-1) (&)l < 2 m - 1 3 (m - 1)(m - 2)/2 (5/3)~ (m - 1) sup|V(s)|. 
Then by Rolls theorem, there exists £ G (£1,^2) such that 

i^ (m) (oi < i^ (m_1) (6) -^^(^ife-^r 1 . 

Now ([3Tj) follows, because |^2 — £i| > 5/3. 

Combining ()29p with the above observation, for each 1 < m < n, and 
each k and there exists £ m (k) G (0,5^) such that 

(32) (ti(^(U*))H> v) < ( 2 -3™(— WC-^S^K?. 

There exists ao < &o such that G [ao>&o] C [a — ro,fc — ro]. Then 
[ao,6o] C [a — r k ,b — r' k ] for all but finitely many k. As k — > 00, we have 
.Rfc -> 00, £ m (fc) -> 0, and </? fe)rjt -> ^ ,r Q in C n ([a , b Q ], R™ -1 ). Therefore by 
Pj) and d32]), 

(33) (u(<p% ro (Q))w , v) = 0, \/v EVi, V < m < n. 
Hence due to Taylor's expansion, 

(34) lim||( Zl (n(^o,ro(s))wo)||/s n = 0. 

s— »0 

Next we will show that (|34h leads to a contradiction, using finite dimen- 
sional representations of SL(2,R). 

In view of ([8]), let H = SO(Q 2 ) = SO(2,l) ^ SO(n,l). Then H 
is generated by {ii(sei)} seR , A = {a t } teR and {\t(tei)} t6 R, where ei = 
(1, 0, . . . , 0) G R n_1 . We realize # as the image of SL(2, R) under the Adjoint 
representation on its Lie algebra sl(2,R) such that diag(e',e - *) G SL(2,R) 
maps to ait G H. 
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Let W be a finite collection of irreducible -ff-submodules of V such that 

(35) V = (BwewW. 

For any W G W, let Pw ■ V — > W denote the projection with respect to 
the decomposition (|35p . In view of Notation 12.11 for any s G [a — ro, b — ro], 
there exists 6(s) G M C 0(n — 1) such that 

(36) 6(s) ■ (pa, ro (s) = \\<po, ro (s)\\ei. 
Let 

(37) = max{/i : q^(w ) ^ 0}. 

Then /Uo = max{/i : q^(zwo) ^ 0} for any z G M. Let Wo S W be such that 

(38) P Wo (^ o (0(O)-™ o ))^O. 

Therefore there exist a\ < b\ such that € [a±, b\] C [a — ro, b — ro] and 

(39) r? := inf UP^OW^O) ' w o))\\ > 0. 

se[ai,bi] 

By (HU) and (|30]) we have that -1 > /i > -(n-1). Recall that </>o,ro(°) = 
and by ([20]), |v? (1) ( r )l > Po for all r £ I. Let s G [ai,&i] and 

(40) /i = ||yo,ro ( s ) I = ll < P ( ' 1 ' ) ( r )ll s — /°os, for some r G [ai,6j]. 
Then 

0(s)gi(u(<Po,r o O»))wo) = qi(8(s)u(<p 0i r {s))w ) 

(41) 

= gi(u(/iei)0(s)u> o ). 

Now by the standard description of an irreducible representation of SL(2, R), 
we have 

Pw (qi(u(he 1 )8(s)w )) = qi(u(he 1 )P Wo (9(s)w )) 

(42) =h 1 -*>q„ (P w Ms)m))+ Yl h^q^PwM^o)). 

M<AtO— 1 

Since Pw is norm decreasing and 9(s) G 0(n — 1), by ([39]) and (j4"0j) . we 
conclude that 

(43) lim|| (?1 ( U ( V Po,ro(s))^)||/s 1 ^ > %Po^° > 0. 

s— >U 

Since < 1 — //o < n > this contradicts (I34p , □ 
Notation 2.2. For any x G /, we define 

(44) P M (s) = V9fc (x) + ^ 1) (x) S + --- + ^ n) (x) S n , VsGM. 

Corollary 2.2. Let Ro > be as in Proposition \2. 1\ for C = 1. T/ien given 
a sequence tk — > oo and c > £/iere exists A;i G N smc/i i/ia£ /or any k > k\ 
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and x £ I = [a,b] there exist Sk,s' k G I with x G such that for any 

v G V, we have 

(45) e*"(8' k -8 k ) n <l 

(46) sup \\at k u((p k (s))v - at k u(Pk, x (s))v\\ < c\\a tk u(ip(x))v\\ 

Sk<s<s' k 

(47) \\a tk u(ip k (s k ))v\\ > \\v\\/R , if s k > a 

(48) \\a tk u^ k (s' k ))v\\ > \\v\\/R , if s' k < b. 

Proof. Given a sequence t k — > oo, let ko G N be as in Proposition 12.11 for the 
above choices of C = 1 and Ro > 0. Let x G /. By Proposition 12.11 for any 
k > ko there exists a subinterval J k = [s kl s' k ] containing x such that 

(49) |J fc r<e-\ 

and gU) and (08]) hold for all v G V. 
Let 5 > be such that 



(50) \\u{ yi ) - u(y 2 )\\v < c, V\yi-y 2 \ < 5, yi,y 2 el"" 1 
where ||-||y denotes the operator norm. 

( - i i i i 1 1 J 



By (|49p and equi-continuity of the family {^1 }, there exists k\ > &o 



such that 

(51) ||</4 n) (£i) " ^k\x2)\\ < S, Vxi,x 2 G Jfc, Vfc > fc x . 
Therefore by Taylor's formula, 

(52) |p fc ( a ) - P kjX (s)\ < 5\J k \ n < 5e~ tk , Vs G J k , Vk > h. 

Let k > k\ and = at k u{ip k {x))v. Then due to (|50p and (|52p . for all 
s G J fc , 

||at fc w(¥Jfc(s))v - at k u{P k , x {s))v\\ 

< \\u(e tk ((p k (s) - ip k (x)))w k - u(e tk (P Kx {s) - ip k (x)))w k \\ < 5\\w k \\, 

note that (e tk (<p k (s) - cp k (z))) - (e* fe (Pjt^ (s) - v? fc (x) )) = e fc {ip k (s) - P k>x (s)) . 

□ 

Notation 2.3. Let ei = (1,0, ... ,0) G R n ~ l . Then by Notation O there 
exists a continuous map z : I — > Zq(A) such that 

(54) z(s) • v? (1) (s) = ei, Vs G J. Let #1 := sup||z(s) || y. 

Proposition 2.3. Let Rq > be as in Proposition \2. 1\ for C = 1. Let A be 

a linear subspace of V and C be a compact subset of A. Then given e > 
there exists a compact set T> C A containing C such that the following holds: 
Given any neighbourhood <3? of T> in V , there exist a neighbourhood ^ of C 
and k 2 G N such that and for any v £V with 

(55) ||i>|| > PoPi(sup \\w\\), 

u>G<E> 
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a subinterval J C I, and any k > fa with e k < \J\ n , we have 

\{s G J ■ z{s)a tk u(<p k (s))v G *}| 

< e\{s G J : z(s)a tk u((p k (s))v G $}|. 

In a special case of the above proposition when A = {0} and C = {0}, we 
have T> = {0} and the neighbourhoods $ and \P can be described in terms 
of radii of balls centered at 0. 

Proof. There exists n\ G N such that if P : R — » R n_1 is a polynomial map 
of degree at most n and v G V then s i— > u(P(s))v is a polynomial map of 
degree at most m. 

As in [21 Prop. 4.2], there exists a compact set P C i containing C 
such that given an open neighbourhood <I>i of T> in F there exists an open 
neighbourhood *S>i of C in V contained in $1 such that for any polynomial 
map £ : R — » V of degree at most m and any bounded interval J C R, if 
C(J) £ $i then 

(57) |{s G J : C(s) G < G J : CW G 

Now given a bounded open neighbourhood $ of P in V, we choose an 
open neighbourhood $i of T> in $ such that $i C Then we obtain an 
open neighbourhood of C contained in $i as above. Let \I/ be an open 
neighbourhood of C contained in such that \& C ^i. 

Let 5 > be such that 2<5-tubular neighbourhoods of $i (respectively, 
Vl/) is contained in $ (respectively, ^i). Let R = s\xp we $\\w\\. For c = 
8/{R]_R) > 0, let fa G N be as in the Corollary [2T2l Let fa > fa be such 
that 

(58) \\z(r) - z(r')\\ v < 5/R, V|r -r\< e~ tk , r,r' E I, k> k 2 . 

Let J C / be an interval and u£F with > RqRiR. Let k > fa be 
such that e _tfc < |J| n . Define 

(59) E = {s G J : z(s)a tk u(ip k (s))v G ^} 

(60) F = {s G J : z(s)a tk u(f k (s))v G 

Suppose that F\ be a connected component of F intersecting E. Let 
x G i<\ n E. By Corollary 12.21 there exists J k = [sfc,s' fc ] C I containing x 
such that (J15D - (gED hold. Then bv (|4Tjh (|3Bjl . definitions of R u R and 5, 
and ([55]) . 

(61) Fi n F C {s G J fc n Fi : z(s fc )a tfc u(P M (s))?; G ¥j} 

Since e tk \Jk\ n < 1 and e ifc |J| n > 1 and x £ J fl 4, we get {sk,s' k } fl J\ 
{a, 6} / 0. Therefore due to ([HD and (ggj, a tk u(cp k (J k D F{))v <£ Hence 
by (06|) and the choices of c and R\, 



(62) 



z(s k )a tk u(P kjX (J k n Fi))u ^ *i. 
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Therefore, since z i— > £(s) := z(sk)at k u(Pk^ x (s))v is a polynomial map of 
degree at most m , by ([571) applied to the interval n F\ in place of J we 
deduce that 

(63) \FtnE\ < \{s G J k DF 1 : z(s fe K fc u(P M (s))<; € *i}| < e|Fi|. 
Since F has at most countably many disjoint connected components inter- 



secting E, like Fi as above, from (|63p we conclude that |F| < e|F|. □ 

2.1. Geometry of intersection with weakly stable subspace. 

Proposition 2.4. Let H be a proper noncompact simple Lie subgroup of 
G = SO(n, 1). Let p G A dimII t) \ {0}. Then G Po is closed. 

Proof. There may be a simple direct proof of this statement. Here we will 
quote from some earlier results. 

Note that Stab(p ) = N^(H) = M X H, where 

Nh(H) = {g£ N G (H) : det(Ad <?| Lie(H) ) = 1} 

and Mi is the compact centralizer of H in G. There exists g G G such that 
gHg- 1 = SO(k, 1) and (gM ig ~ l f = SO(n - k) for some 2 < k < n - 1. 
Now A r ( i,(SO(A;, 1)) is a symmetric subgroup of G (see [3j pp. 284-285]), and 
N^,(SO(k, 1)) stabilizes gpo. Therefore by [Tj Corollary 4.7], the orbit Gpo = 
G(gpo) is closed. □ 



In view of ([Taj) , we define 
(64) V - = Y,V^ V° = V , V+ = J2v i f 

ThenV = V~ ®V° ®V + . 



Proposition 2.5. Let po G V be as in Proposition \2.4\ Let g G G. Define 

(65) S = S g = {x G M n_1 : u(z)$po € F" + F }. 

If S ^ ft, then either S is subsphere of a sphere in R" -1 or a proper affine 
subspace o/M™ -1 . 

Proof. Since the orbit Gpo is closed, for every x G <S there exists G G 
such that 

(66) a t u(x)gp £,{x)p 

and £(x)p G F° is fixed by A. Let F = N^(H) = Stab(p ). Then the map 
gF i— > <7j»o from G/F to V is a homeomorphism onto GpQ. Therefore 

(67) a t u(x)gF £(x)F, 

and A C f (a^F^x) - " 1 . 

Choose any xo G S*. Let pi = £(xo)Po> -^i = £( x o)-ff£0Eo) > an d Fi = 
Stab(pi) = ^(xo)F^(xo)" 1 . Then A C Fi = Nq(Hi). Hence A C As 
IR-rank of G is one, there exists a Weyl group 'element' w £ H\ C F\ such 
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that w = w' 1 and waw^ 1 = a -1 for all a G A. Now G admits a Bruhat 
decomposition 

(68) G = P~wU~UP~ = P-U + UP- W 
(see §12.14]), where 

U+ = {h G G : a^hat e} = {u(x) : x G W 1 ' 1 } 

(69) U~ = {h G G : Ot/wT 1 e} = {*u(x) : x G R^ 1 }, 

p- = {heG: {atha^ 1 : t > 0} is compact} = U~ Z G {A) = U~AM. 

Let x G 5. Put gfi = <7£(a?o) , an d ^lO^) = C( x )C( x o) _1 - Then ([67]) is 
equivalent to 

(70) a t u{x)g 1 F l ^^i l {x)F 1 . 

Since w G Fx, by ([68]) there exist 6 G P~ and l£u + such that 

(71) u(x)g 1 F 1 =bexp(X)F 1 . 
Now 

(72) a t u(x)g 1 pi = a t (bexp(X))pi = (atba^ 1 ) exp(Ada t (X))p 1 . 
Since atba^ 1 — > &o as t — > oo for some 6o G Zg{A), by ([66]) 

(73) exp(e'X) Pl = exp(Ad ot(X))pi — 6q ^lO^Pi- 

Since ?7 + is a unipotent group, the orbit U + p\ is a closed affine vari- 
ety, and hence the map h(U + D Fi) i— > Zip! from U + /(U + fl — > V" is 
proper. Therefore from ([73]) we conclude that exp(X) G Fx. Hence by ([7T]) . 
u{x)g\F\ = bF\. Therefore 

(74) S g = {x G M™- 1 : «(ar) G P~F l5 7/ 1 , A C F\}; 

we have proved the inclusion "c" , and the converse holds because p\ G V° 
and p-px CV° + V-. 

Let Z : G — ► P~\G = S n_1 be the map as defined in the introduction. 
The right action of any g G G on P~\G corresponds to a conformation 
transformation on S n_1 . Let S : W 1 ' 1 -> S™ -1 be the map defined by 
S(x) = Z(u(x)) for all x G M n_1 . Then 5 is the inverse stereographic 
projection. Since A C Fi, P~ n Fl is a proper parabolic subgroup of Fl. In 
fact, Z(F 1 ) = Z(SO(k, 1)) for some 2 < k < n - 1. Hence 

I(Fi) = (P - n Fi)\Fi £ S^ 1 

is a proper subsphere of §™ _1 . Therefore by (]74p . 5 g is the inverse image of 
a proper subsphere of under the stereographic projection. □ 

Remark 2.1. In the Proposition 12.51 suppose that tt(Nq(H)) = vr(F) is 
closed in G/Y. Put g = 7 G Y. If xq G 5 7 , then 51 = 7£(xo) _1 and 
hence Fi^r = £(x Q )FT is closed. By {EJ and £3}, S 7 = S -1 ^), where 
5 = J(F l5l - 1 ) G^. 
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3. Limiting measure and invariance under unipotent flow 

Let ifk — ► if be a convergent sequence in C n {I,W l ) as in Notation 12.11 
Let z : I —> Zq{A) be the continuous function as in Notation 12,31 such that 
z ■ ipO) (s) = e\ for all s G /. Let g k — ► go be a convergent sequence in G. 
Then x k = g k T -> x = o r in G/T. 

Proposition 3.1. Given e > f/iere exists a compact set /C C G/T such 
that for any sequence t k — > oo, 

(75) ]T| I"*- 5 ^ ^ ' z ( s ) a tk u ( t Pk(s))xi E /C}| > 1 — e. /or a// /arye A; G N. 

Proof. Let iV be a maximal unipotent subgroup of G such that N/(N n T) 
is compact. Let n denote the Lie algebra of N. Fix p^ E V \ {0} such that 
Pa? G A dimn n. Then Tp^ is discrete (see [I]). Let 

(76) < r 3 = inf \\g k lPN\\- 

7erfceN 

By Proposition 12.31 applied to A = {0}, given < < r^/R^Ri there exists 
r > such that the following holds: Given any sequence t k — > oo there exists 
A;2 G N such that for any interval J C J, k > &2 with e _ifc > | J| n and 7 G T, 

II s e J : lk(s)a tfc n(< / 3 A .(s))o fc 7p A r|[ < r}| 

< e • \{s G J : ||z(s)a 4fc 'u(( / 9(s))5( fc 7PAr|| < R}\. 

By the proof of Dani's non-divergence criterion [lj for homogeneous spaces 
of rank one semisimple groups, the conclusion in the previous paragraph 
implies the existence of a compact set /C such that ([73]) holds; the choice of 
K, depends only on r > chosen above, not on the sequence {t k }. □ 

Take a sequence t k — ► 00 in R. Let be the probability measure on G/T 
defined by 

(78) f /dA fc = ir f f(z(s)a tk u( l p i (s))x k )ds, V/ € C C (G/T). 
iG/r K I 7/ 

Then Proposition 13. II implies the following: 

Theorem 3.2. After passing to a subsequence X k \ % n the space of 

probability measures on G/T with respect to the weak-* topology. 

Theorem 3.3. The limit measure X is invariant under the action ofW . 

Proof. The proof follows from the same argument as in the Proof of |12t 
Theorem 3.1]. □ 

The next result says that the limit measure is null on the parabolic cylin- 
ders embedded in the cusps. 

Proposition 3.4. Let U be any maximal unipotent subgroup ofG containing 
W and x G G such that Ux is compact. Then X(Nq(U)x) = 0. 
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Proof, (cf. [9]) Since G is a rank one group, W is contained in a unique 
maximal unipotent subgroup §12.17]. Therefore U = U + and Ng(U) = 
Zg(A)U + . Let G be any compact subset of Ng(U + ). Then C\ = {a_<Ga t : t > 
is compact. Given e > 0, let K, be as in Proposition 13.11 Let K,\ = C^ l fC. 

Since Ux is compact, there exists u G U \ {e} such that ux = x. Then 
a^tuat — > e as i — > oo. Therefore by §1.12], a_tx /Ci for all t > Tq for 
some To > 0. Therefore cl-t Cx n /C = 0, or in other words, PI ot /C = 0. 

Let t' k = tk — Tq. Then by Proposition 13.11 for all large k £ N, 

| {a G I : a t / fc n((/? fc (s))x fc G /C}| > (1 - e)|J|, 

and hence |{s£l : at k u{ifk{s))xk G ar AI}[ > (1 — e)|J|. Since {G /V) ^ arr K 
is a neighbourhood of Cx, we conclude that \{Cx) < e. □ 

4. RATNER'S THEOREM AND LINEARIZATION METHOD 

Our basic goal is to prove that the following result using Ratner's descrip- 
tion of the ergodic invariant measure for unipotent flows, and the lineariza- 
tion technique in combination with the linear dynamical results proved in 

m 

Theorem 4.1. Let the measure A be as in Theorem \3.3l Suppose further 
that the limit function <p satisfies the following condition: For any (n — 2)- 
sphere or a proper affine subspace Si contained in i? n_1 , 

(79) \{s€l:<p(s) G5i}| = 0. 
Then measure A is G-invariant. 

The rest of this section is devoted to the proof of this theorem. 

4.1. Positive limit measure on singular sets. Let 7i be the collection 
of all closed connected subgroups H of G such that H n T is a lattice in H, 
and a nontrivial unipotent one-parameter subgroup of H acts ergodically on 
H/H n T. Then H is countable ([11, §5.1], [g]). For H G H, we define 

(80) N(H, W) = {g £ G : U C s^ 1 }, 

(81) S(H,W)= \J N(H',W). 

H'CH, dim H'<dimH 

H'en 

Then (see [6]) 

(82) N(H,W)r\N{H,W)-f C S(H,W), V 7 G T \ N G (H). 

Suppose that A is not G-invariant. Then by Ratner's theorem [8], since 
W is countable, there exists H G TL such that dimi? < dimG and 

(83) \(n(N(H,W))) > and X(n(S(H, W))) = 0, 
where 7r : G — > G/T is the natural quotient map. 



14 



NIMISH A. SHAH 



4.2. Algebraic consequence of accumulation of limit measure on 
singular sets. Since G is a semisimple group of real rank one and H G H, 
if H is not reductive then H is contained in a unique maximal unipotent 
subgroup intersecting T in a cocompact lattice. Hence for any g G N(H, W), 
we have that gHg^ 1 is contained in a maximal unipotent subgroup U of G 
containing W such that Un(g) is compact, and ir(N(H, W)) C N G (U)Tr(g). 
Now by Proposition 13.41 we have tt(N(H, W)) = 0. Thus in view of f)83f) . we 
conclude that H is a reductive subgroup of G. 

We choose a compact set C C iV(if, W) \ VF)r and e > such that 

(84) < e < 2A(tt(G)). 

Let H nc denote the subgroup of H generated by all unipotent one-parameter 
subgroups contained in it. Since H is a proper reductive subgroup of 
G = SO(n, 1), we have that H nc ^ SO(Jfe,l) for some 2 < jfc < n - 1, 
and H = Z\H nc where Z\ is a compact central subgroup of H. More- 
over N G (H nc ) = M\H nc , where Mi is the centralizer of H nc in G which is 
compact. Since H G TC, we have that H nc T = HT. 

Let f) nc denote the Lie algebra associated to H nc and £q = dimf) nc . Let 

(85) poeA^f \{0). 

Then F := Stab(p ) = F and N G (H nc )p C { Po , -p }. If 7 G N G (H nc ) n I\ 
then 

7-ffT = = H^T = HT. 

Therefore 7 G N G (H). Thus 

(86) rniv G (# nc ) = rniv G (#). 

Let X G Lie(W) and 

(87) A={dG A 4 fl : v A X = 0}. 

Then „4 is a linear subspace of V. For any g £ G, 
(88) 

jp ei^ A^°ff c A Ad(5 _1 )X = H nc D « 5 £ JV(ff, W). 

Therefore for any g £ G, g £ N(H, W) gpo G «4- 

Since i^/i? is compact, and HT is closed, we have that FT is closed. 
Therefore TF is closed. By Proposition 12.41 the map gF 1— > gj>o from G/F 
to V is proper. Therefore Tpo is closed in V . Hence TpQ is discrete. 

Given any compact set T> of A, we define 

(89) y(V) = {geG: gp , 37Po G 2? for some 7 € T \ A^(# nc )}- 

Due to ([82D and ®, ^(D) C 5(fT,W) and tt(^(P)) is closed in G/T 
Prop. 3.2]. Now if /C is any compact set contained in G \ n{S fi {'D)) then 
there exists a neighbourhood <I> of I? in 1/ such that for any g G G and 

71,72 e r, 

(90) 

7r(5) G /C, {s7iPo,572Po} C $ 71 G -y 2 N G (H nc ) => gjip = ±g>y 2 Po- 
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Let C = C ■ po U — (C • po) C A. Given e > we obtain Rq and a compact 
set T> C A as in Proposition 12.31 Replacing T> by T> U —T> we assume that 
D is symmetric about 0. We choose a compact neighbourhood /C of 7r(C) 
contained in G/r \ ■n(3 fi ('D)). We take any symmetric neighbourhood <3? of 
P such (I90p holds. Then there exist a symmetric neighbourhood VP of C in 
y and ^2 S N such that given any subinterval J of / the following holds: If 
v £ V with 

(91) ||u|| > RoRiR, where R = sup||u>||, 

and if k > k 2 such that e~* fc < | J|™, then 

|{s G J : z(s)at k u(ifk(s))v G 
' " < e|{s G J : z(s)a tk u(^ k {s))v G $}|. 

Let = {ir(g) : gpo G 9, ir(g) G /C}. Then O is a neighbourhood of 7r(C). 
Take any A: G N. Let 

(93) E(k) = {sel: z(s)a tk u(Vk(s))n(g k ) G O}. 
Then by (|SI1), 

(94) \E(k)\ > 2e\I\, V large k G N. 

Let -B denote the ball of radius RoR\R centered at 0. Let 

(95) Si = T Po n B and S 2 = Tp \ B. 
For j = 1,2, let 

(96) Ej(k) = {s G -E^&O : z{s)at k u(tp{s))g k v G 'I', for some t> G Sj}. 

Then = E 1 (k)UE 2 (k). 

Now using ([90]) and ([92]) . by the argument as in the proofs of [2], [6j 
Prop. 3.4] or Prop. 4.5], there exists k^ G N such that 

(97) \E 2 (k)\ <e\I\. 

Next we want to prove that |£i(A;)| < e\I\ for all large k G N. Suppose 
this is not true. Then 

(98) limsup|^i(A;)| > e\I\. 

ken 

Proposition 4.2. There exists v G Si such that 

(99) |{s G / : u(<p(s))g v £T + > e|J|/#(S a ). 

Proof. After passing to a subsequence, there exists v G Si such that 
(100) 

\{s G : z{s)a tk u{ip k (s))g k v G > e|/|/#(Si), V large k G N. 

Let g + : V — > V + be the projection associated to the decomposition V = 
V~ V° as in ([MD- Let 

(101) E 5 = {s G J : g+ (u(^(fl))flow) > 
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Since (p k — ► ip uniformly on 7, there exists k§ G N such that if k > k§ and if 
s G -E" 5 , then q + {z(s)u{(p k {s))gkV ) > 5/2. Hence 

(102) z(s)a tk u(ip k (s))g k v = a tk (z(s)u((p(s))g k ) V large fc G N. 

Therefore in E" 5 n #i(fc) = for all large fc G N. Hence by (fTOOl) and ([TOT]) . 



|{a G / : u^(s))got; G V - + V°}\ = lim|7 \ £ a | > e|/|/#(Ei). 



□ 



Combining Proposition 12.51 and Proposition 14.21 there exists 7 G T such 
that 7P0 = v G Si and 

(103) |{ S G / : ip{s) G S gol }\ > e|/|/#(E). 

This statement contradicts our assumption on </? as stated in (|79p . Therefore 
([98]) does not hold, or in other words, 



(104) limsup|/5i(fc)| < e\I\ 

fc— >oo 



Therefore by (j97|l . 

|£(fc)| < |-Bi(fc)| + \E 2 (k)\ < 2e|J|, V large fc G N. 



This contradicts (|94h . Thus as noted above, due to Ratner's theorem, A is 
G-invariant. This completes the proof of Theorem 14.11 □ 

Remark 4.1. If go = e, then in (|103p . S go7 = S 7 for some 7 G T, and 
by Remark 12. 1\ Sj G S~ 1 {S fi ). Therefore if go = e, then the conclusion of 
Theorem 14.11 is valid if we assume the weaker condition on <p that (|79p holds 
for all Si = S^(S), where S G S*. 

5. Deduction of the main results 

The following observation allows us to deduce the results stated in the 
introduction from Theorem 14.11 

Proposition 5.1. Let {9 k } and {ip k } be uniformly convergent sequences of 
continuous maps from I — > G such P~9 k (s) = P~ip k (s) f° r a ^ s € I. Let 
{x k } be a sequence in G/T and t k — > 00 be a sequence in R. Suppose that 
there exists a probability measure /i on G/T which is Zq(A) invariant, and 
for any subinterval J C I with nonempty interior and any f G C C (G/T) the 
following holds: 



(105) lim — - / f(a tk k (s)x k )ds= [ f dfj,. 
fc^oo \ J\ Jj Jg/t 

Then for any f G C C (G/T), 

(106) lim y-r / f(a t .ip k (s)x k )ds= [ f dfx. 

fc^oo \1 I J j Jq/y 
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Proof. Since P~ = U~Zg(A) (see (f69|) ). for any s G / we express tp k (s) : 
v(s)C(s)9k(s), where (k(s) G Zq(A) and v(s) € U~ are such that {s h 
Cfc(s)}fcGN and {s i— > v k (s)} k€ ^ are equi-continuous families of maps on I. 



Let e > 0. Since / is uniformly continuous on G/T and {v k (s) :s£/,fc£N} 
is compact in f/~ , there exists k\ G N such that for any k > k±, s G I and 
x G G/T, \ f(a tk v k {s)x) - f{a tk x)\ < e. 

Also there exists a finite partition of I onto subintervals J's such that if 
S!,s 2 G ^ and x G G/T then |/(Cfc(si)x) - /(Cfc(«2)^)| < e for all A: G N. 

If we fix some sj G J, then for all s G J and k>k\, 

\f{at k ^k{s)x k ) - f(((sj)a tk 6 k (s)x k )\ 
(107) < \f{a tk v k (s)( k (s)0 k {s)x k ) - f(a tk ( k {s)e k (s)x k )\ 

+ \f(Ck(s)a tk 6 k (s)x k ) - f(( k {sj)a tk 6 k (s)x k )\ < 2e. 

Since / f(((sj)y)dfj,(y) = J f(y)d t i, from (TTOTD and (JTOSJ), 



(108) 



f{at k i>k(s)x k )ds -\J\ / /d// 



<2e|J|, VlargefcGN. 



By summing this over all the J's in the partition, we deduce (|106p . □ 

Proof of Theorem \1.4\ Let 9 k (s) = C(s)u((p k (s)) and ijj k {s) = u(ip k (s)) for 
all s£l. Then by Theorem l4.lt the (|105p holds for fj, = (j,q. Therefore by 
Proposition 15.11 we have (|106|) . which is same as (jlip . □ 

Proof of Theorem \1.5[ Due to regularity of Lebesgue measure, it is enough 
to prove the theorem under the assumption that 

(109) (ToV) {1) /0, VsGl. 

The map S : JR n_1 — > § n ~ 1 defined by S(x) = I(u{x)) is the inverse stere- 
ographic projection. Therefore without loss of generality, we may assume 
that there exists a sequence (p k — > ip in C(I,M n ~ 1 ) such that I(ij) k {s)) = 
Z(u(</?fc(s)) and = X(«(^(s)) for all s G /. Then by ([1091 and CGI, 

V? (1) (s)/0, and |{s G / : <p(s) ^ <S" 1 (S')}| = 0, VS G J^. 

Therefore by Remark 14.11 the conclusion of Theorem 14.11 holds in the case 
of x k — > xq = eT. Therefore, since P~ip k (s) = P~u(((s)ip k (s)) for all s G /, 
(I15|) follows from Proposition 15.11 □ 



Proof of Theorem \1.6\ If the result fails to hold then there exist / G C C (G/T), 
e > 0, a sequence x k — > x in G/T, a sequence {^fc} of functions from / — > G 
such that I o ^ h-> i/i in C n (I, § n_1 ), and an unbounded sequence g k — > oo 
such that 



(110) 



jjr f{9k^k(s)x k ) ds- J^f djic 



> e. 



Since G = ETA^-fT, by passing to a subsequence, for each k G N we have 
5fc = h' k at k h k , where h k ^ h and — > /i' in K as A; — > oo, and — > oo in 
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R. Let x G G and xu G G be such that = x/T, x = xT and — ► x as 
A; — ► oo. 

Let ^j(s) = hip(s)x and = hkipk(s)xk for all s € I and k 6 N. Then 

the condition of Theorem 11.61 is satisfied for ?/> in place of if) and ^ in place 
of ipk\ note that we have used a stronger condition on ip that that (1161) holds 
for all proper subspheres S" of S n_1 and h £ G. Therefore 

(111) lim -L [ f(h'a t J k (s)T)ds= [ f(h'y)dfx G (y)=f fdfi G . 

k^oo \1\ J j Jq/ v Jq/ t 

Since — > /i' and / is uniformly continuous, this equality contradicts (jllOp . 

□ 

Proof of Theorem As in the proof of Theorem I we need to show that 
given sequences ip^ k ^°°-, ip [ n C n (I,T 1 (M)) and k ^°° > [ q 

(112) lim Ir [ f(g tk Ms))ds= [ fdn, V/ G C C (T 1 (M)). 

We will deduce this statement from Theorem 11,51 

There exists a lattice V in G = SO(n, 1) such that T l (M) ^ SO(n - 
l)\G/r and T^W 1 ) SO(n - 1)\G. Moreover the geodesic flow {g t } on 
T l (M) corresponds to the translation action of {at} on SO(ra — l)\G/r from 
the left; the action is well defined because SO(n — 1) C Zc({at}). Now the 
maps Vis : T^HP) -> S™" 1 and 1 : SO(n- -> § n_1 are same under the 
above identifications. Also the sets 5? defined in ([1]) and (fl~2j) . as subsets of 
<9HI n and P~\G respectively, are same under the above identification. 

The convergent sequence Vfc ~~ * V* i n C{I ,T l (M)) can be lifted to a 
convergent sequence t/^fc — !• -0 in C(I, T (W 1 )). Via the above correspon- 
dence, we obtain a convergent sequence ^ — » ^ in C(I,G) such that 
Vis("0fc(s)) = I(ipk(s)) and Vis('0(s)) = I{ip{s)). Therefore the conditions 
a) and b) on ifi imply the condition (|13|) of Theorem 11.51 for the map ip. 

Also the required convergence property (|14p is satisfied for {V'fc}- Now any 
/ G C C (T 1 (M)) can be treated as a SO(n — l)-invariant function on G/T. 
In this case, the conclusion (|15p of Theorem 11.51 holds. Therefore (|112p 
follows. □ 

The Theorem 11.11 is a special case of Theorem 11.21 

6. Action of {a t } on shrinking curves 
Let 5 G y or S = S 71 ' 1 . Define 

(113) S* = S\ [j S'. 

S'CS, dimS"<dimS' 

Let Lp e C^I.R*- 1 ) and 5o G G. We define 

(114) I(S) ={s €1: <p(s) G S- 1 (S*g 1 )}. 
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By the Lebesgue density theorem, almost every x £ I(S) is a density point 
of I(S); that is, if Ik is any sequence of intervals in / containing x such that 
|4| -> 0, then \I(S) n -» 1 as fc -> oo. 

Theorem 6.1. Lei x £ I such that (p^\x) ^ and i/iai x is a density point 
for I(S), where S = § n . Then for any sequences ipf. — > c/? in C n (I, M n_1 ), 
97c - > 9o * n C, ifc — > oo in E and any sequence of intervals Ik C [a, 6] 
snc/i i/iai x G Ifc, |Jfc| — > 0, and \Ik\ n e tk — > oo £/ie following holds: For any 

f g c c (G/r), 

(115) lim r—r / f(a tk u(tpk(s))g )ds= / /d^ G - 

fc^oo |i fe | y /jt j G / r 

Let it \ G —> G /T denote the natural quotient map. Let S G =5^ and m = 
1 + dimS. Let 5 € G be such that 5 = J(SO(m, l)a) and iV G (SO(m, 1))tt( 5 ) 
is closed. Due to the following claim, the coset A r c(SO(m, l))g is uniquely 
defined. 

We claim that if F = {h G G : T(SO(m,l)/i) = J(SO(m,l))} then 
F = A r c(SO(m, 1). To prove the claim, we note that A^SC^m, 1)) C F. In 
particular F is a reductive group. Since NQ{SO{m, 1)) is a symmetric sub- 
group of G, by [H Cor. 4.7], NG(SO(m, 1)) is a maximal reductive subgroup 
of G. Therefore F = N G (SO(m, 1)). 

Let L be the subgroup of A^(SO(m, 1)) such that Lir(g) = SO(m, l)n(g). 
Let fiL denote the unique L-invariant probability measure on Lir(g). 

Theorem 6.2. Let x £ I be such that (p^\x) ^ and x is a density point 
for the set I(S). Then for any sequence tk — > oo in R, and any sequence 
of intervals Ik C [a, 6] snc/i i/tat x £ Ik, \Ik\ — * 0, and |dfc| n e* fe — > oo i/ie 
following holds: For any f £ C c (G/r), 



(116) 



, lim T7~7 / f( a tk u ( i P( s ))9o)ds= / f(zy)d/i L (y) 

k^oo \l k \ J Ih J L7r{g) 



where z £ Zq{A) n SO(n) is suc/i i/tai u(ip(x))go £ U zLg and u((p^' (x)) £ 
zLz~ x ; z depends only on (p, x, go and Lg. 

Proofs of Theorem \6.1\ and Theorem 1 6. H Let xq = ^(90) ■ For k £ N, let 
£fc = 7r(5fc) and A^ be a probability measure on G/T such that for any 

/ e c(G/r), 

/ /dAfc = — — 7 / f(a tk u(tpk(s)x k )ds. 
J G/T \lk\ Jl k 

First we note that Proposition 12.31 is valid for J C Ik- 

Therefore the proof of Theorem l3.2l is valid in this case, and we obtain that 
after passing to a subsequence A& — ► A in the space of probability measure 
on G/T. 

Let W = {u(rip^ (s)) : r G M.}. As in Theorem 13.31 we shall show that A 
is T^-invariant. We will use the notation rji ~ r]2 to say that \rj\ — rj2 | < e. 
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Let r E R, e > and / E C c (G/r) be given. Due to uniform continuity 

of / and equi-continuity of the family {ip^\s)}, and since — > 0, for 
sufficiently large k E N and any s E I k , the following holds: 

(117) 

f(u(rip (1 \x))a tk u(ip k (s))x k ) « /(n(r^ 1) (s))a tfc u(v? fc (s))x fc ) 

=f(a tk u(<p k (s) + e _tfc r^ (1) (s))a? fe ) 
=/(ot h u(^( 8 + re" 4 *) + 0(e~ 2tfc ))x fc ) 
=/(n(0(e-' fc ))a 4fc n(v9 fc ( S + re"**))^) 

~ f(a tk u((p k (s + re~ tk ))x k ). 
Therefore, for sufficiently large k E N, 
(118) 

f{u{r^ l \x))y)d\ k {y) ^7^-7/ f{a tk u{ip k {s + re~ tk ))x k ) ds 

\h\ Ji k 

— / f(a tk u(ip k (s))x k )ds= / /dAfc, 



141 

where the last approximation holds because 

|4|™e' fc ^oo =^> 2-—\re~ tk \sup\f\ -» 0. 
141 

From (|118p we deduce that A is TV-invariant. 

The proof of Proposition 13.41 goes through in this case. We can now apply 
Ratner's classification of ergodic invariant measures exactly as in the earlier 
case. Then we follow the the Proof of Theorem 14.11 for I k in place of /. We 
have E(k) = E\(k) U E2{k). The same proof goes through to say that for 
sufficiently large k, \E2(k)\ < e\I k \. The basic difference occurs in analyzing 
|i£i(A:)|. Again all the arguments are valid up to (|103p for I k in place of /; 
we get 

(119) |{ 8 E I k : S(<p( S )) E S'g^l > e|4|/#(£), 

for some S' E 5^ . By our hypothesis, x is a density point of I(S) (see (I114D ). 
Therefore in view of the definition of S*, we deduce that S C S'. 

In particular, if S = S n_1 then this is not possible. Therefore as in the 
Proof of Theorem 14.11 we conclude that (|98h fails to hold, and in turn (I94j) 
fails to hold, and hence A is G-invariant. Thus the proof of Theorem 16.11 is 
complete. 

Now for Theorem 16.21 we have that ip k = Lp and g k = go for all k E N. For 
any s E I(S), there exists b(s) E M such that b(s) — ► z as s — > x and 

u(tp(s))g E U~b(s)Lg. 

Therefore, since a; is a density point of I{S) and X k — > A, from the definition 
of Afc we conclude that supp A C zLir(g). Since X(tt(N(H, W)) > 0, we con- 
clude that S'g^ 1 C Sg 1 . Thus S = S' and H nc 9* SO(m, 1), and supp(A) C 
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g'N G (H nc )ir(e) for some g'eG such that AW C g'NG(H ac )(g')~ 1 . Since 
X(n(S(H,W))) = 0, we deduce that each W-ergodic component of A is 
invariant under g' H nc {g')~ 1 . Therefore, since 



supp(A) C zLir(g) and Lir{g) = SO(m, l)n(g), 

by dimension consideration, we conclude that supp(A) = zLw(g) and A = 
z/il- This completes the proof of Theorem 16.21 □ 

7. Evolution of shrinking curves under geodesic flow 

Let the notation be as in §1.11 As a consequence of Theorem 16. II we obtain 
the following. 

Theorem 7.1. Letip G C n (I ,T l {M)). Let x G I be such that (Vis o^W (x) ^ 
and that x is a density point of I(M). Then for any sequence ipk —* ip in 
C n (I ,T l (M)) , a sequence tk — ► oo, and a sequence Ik of subintervals of I 
containing x such that [Ife| ^ and \Ik\ n e tk — > oo the following holds: 

(120) lim -L f f(gtM*))d*= f f*HM, W G C C (T 1 (M)). 

k^oo \l k \ J Jk JT^{M) 

As a consequence of Theorem 16.21 we deduce the following: 

Theorem 7.2. Let if) G C n (I, T l (M)). Let Mi G & and S G ^(Afi). Lei 
x G I be such that (Vis o'tp)W(x) ^ and x is a density point of I(S). Then 
given any sequence i& — > oo in R one? a sequence of subintervals Ik of I 
containing x such that [Jfe| ^ and |/fe| n e ifc — > oo i/ie following holds: 

(121) lim -I- / /(ot^(«))ds= / V/ G C C (T 1 (M)). 

fc^oo life I J/ fc JT^Mi) 

The conclusion of Theorem 11.31 can be deduced from Theorem 17.21 us- 
ing using regularity Lebesgue measure and standard arguments of measure 
theory. 

7.1. Geodesic evolution of faster shrinking curve. We can also obtain 
following variations of Theorem 17.11 and Theorem 17.21 



Theorem 7.3. In the statement of Theorem 7.1 suppose that V>fc — * ip in 
C 2n ~ 2 (I,T (M)). Then given a sequence tk — ► oo, and a sequence of subin- 
tervals Ik of I containing x such that |ife| — > and \Ik\ 2 e tk — » oo, the 
equation (|120p holds. 

Theorem 7.4. In the statement of Theorem {7J^ suppose that ip G C 2n ~ 2 (I, T 1 (M)). 
Then given a sequence tk — > oo, and a sequence of subintervals Ik of I con- 
taining x such that \Ik\ — ► and \Ik\ 2 e tk — > oo, t/ie equation (|12ip holds. 



It is interesting to compare these statements with the results in [13j . 
To prove the above theorems using the method of this article, the only 
property required to be verified is the following variation of Proposition I2.ll 
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Proposition 7.5 (Basic Lemma-II). Let ipk — ► f in C 2n ~ 2 (I, IR d_1 ). Given 
C > 0, there exists Ro > snc/i that for any sequence t\~ — > oo in R i/iere 
existe &o € N suc/i i/tai /or any x £ I = [a,b] and v € V, i/iere existe an 
interval [sk,s' k ] C I containing x such that for any k > A;n, i/te following 
conditions are satisfied: 

(122) e tfc (4- Sfc ) 2 <C, 

(123) ||a tfe n(v3 fc (s fc ))u|| > \\v \\/Ro, if s k > a, 

(124) ||a tfe n(^(4))w|| > \\v\\/R , if s' k < b. 

Proof. We follow the strategy of the proof of Proposition 12,11 We will now 
highlight some crucial modification required in the proof. 

First ([25]) is replaced by e tfc o| > C. We put \i = n - 1 in fl27|) to get 

sup \\q n -i(u(ipk,r k (s))w k )\\ < R^C^S^ 11 ' 1 ' . 
se[o,<5 fc ] 

Therefore in place of (I34p we will have 

(125) lim\\q n ^ 1 (u((po, ro (s))w Q )\\/s 2n - 2 = 0. 

Now following the further arguments using the SL(2, M)-representation the- 
ory, we will obtain an analogue of (|42p for q n -i involving /?,( n_1 )~w in the 
highest order term. Therefore (|43l) will become 

lim||g n _ 1 (n(^ , ro ( S ))u;o)||/ S (n - 1) -^ > mpf 1 ' 1 * > 0- 

Since n — 1 — fto < 2n — 2, this will contradict (|125p . □ 

Remark 7.1. Using Proposition 17.51 we can obtain an analogue of Corol- 
lary [2?2] for Pk, x { s ) = <Pk( x ) + s(/7^. 1 '* (s) . Thus for linearization technique, we 
can approximate a C^" -1 ) -curve <fk at any s € I by its tangent line, rather 
than a polynomial curve. 
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